The fixed frame, Frenet-Serret frame and generalized Frenet-Serret frame are commonly used coordinate systems in the study of a filament or a moving rigid body. In terms of Eulerian angles, we derive some relations in these frames and apply these relations to find some significant results. Especially, we find the angle between the normal of centerline of a filament and the line of nodes which is the crossover between the horizontal plane of fixed frame and normal plane of centerline. We prove that the general solution of a set of nonlinear differential equations represents a circular helix or the corresponding filament has a unique helical ground-state configuration. We show that the effective description of a planar filament depends on the value of its torsional modulus. Finally, we find the expression of energy for a three-dimensional intrinsically curved filament when its cross-section area vanishes, and show that under an applied force the finite intrinsic curvature alone can induce a discontinuous transition in extension.
Introduction
Filamentary structure is ubiquitous in the world and it has wide applications in engineering and science so that the study on the conformal and mechanical properties of a filament has a long history dating back to Euler and Lagrange [1, 2] . The interest in filaments has been increasing owing to that recent experiments and theories have revealed its relevance to microscopic objects such as carbon nanotubes [3] and biomaterials .
The configuration of a filament is determined by the shape of its centerline and the twist of its cross-section around the centerline. The centerline of a filament is a curve passing through the center of cross-section, so that it can be described by the Frenet-Serret equations introduced in differential geometry [30, 31] . The Frenet-Serret equations define a local Cartesian coordinate system and we refer to it as Frenet-Serret frame. The Frenet-Serret frame can also be used to describe the trajectory of a particle or the center-of-mass of a many-body system. However, a curve has vanishing cross-section so that the Frenet-Serret frame cannot describe the twist of crosssection of a filament. Therefore, when the twist is significant, it is commonly to use another local frame called generalized Frenet-Serret frame [4] [5] [6] [7] [8] [9] [10] to study a filament. Meanwhile, to study the motion of a rigid body, in classic mechanics it is more convenient to use Eulerian angles [32] so introduces Euler body-frame which can be identified to the generalized Frenet-Serret frame [4] [5] [6] [7] [8] [9] [10] . Moreover, to specify the position of a filament completely it also needs a fixed frame. The relationships between these frames are therefore very important. In particular, Eulerian frame introduces a line-of-nodes which is a line perpendicular to the tangent of centerline of the filament and lies on the horizontal plane of the fixed frame. Note that the normal of centerline is also perpendicular to tangent, we can ask an intriguing question, i.e., would the line-of-nodes coincide with the normal of centerline? The answer to this question helps us to find some significant results as we will report in this paper. Moreover, when the cross-section area of filament tends to zero, independent variables are reduced from 3 (Eulerian angles θ, f and ψ) to 2 (curvature and torsion, or θ and f), what is ψ in this limit? The answer to this question helps us to set up a three-dimensional (3D) elastic model to study the effect of a finite intrinsiccurvature (IC) on the mechanical property of a filament.
Description of a filament

Frenet-Serret frame
Using arclength s as variable, the position vector of a curve in a 3D fixed Cartesian coordinate system is written r (s)=(x(s), y(s), z(s)). The unit tangent of the curve is defined as º º ( )˙( ) s s d ds t r r , and symbol '˙' represents the derivative with respect to s. The curvature, κ(s), of the curve is given by
where n is the unit normal. It requires  k 0 in 3D case and = | | t 1 results int n. We can define further a binormal unit vector by b=t×n, so that t, n and b form a local right-hand Cartesian coordinate system, i.e., the Frenet-Serret frame, and
where τ is the torsion and represents the rotational rate of n around t. The plane perpendicular to t is called normal plane. Clearly, both n and b lie on the normal plane. We can then find κ and τ from
Equations (1)-(2) are called Frenet-Serret equations. In differential geometry, it has been shown that once κ and τ are known, the shape of a curve is completely determined [30, 31] . The necessary and sufficient condition to have a planar curve is τ=0 at arbitrary s. On the other hand, a general helix is defined as a curve in which t makes a constant angle with a fixed direction. This condition is equivalent to that κ/τ is s−independent. When both κ and τ are s−independent, the helix is called a circular helix.
Generalized Frenet-Serret frame
Frenet-Serret equations cannot describe the twist of cross-section of a filament so that we need to generalize them. For a filament with a finite cross-section, we can still represent its centerline by r, but it is more convenient to describe its configuration by a triad of unit vectors It follows that in general w t ¹ 3 , or s−independent κ and ω 3 do not result in a helical centerline automatically. Clearly α represents the distortion of cross-section around the centerline.
Note that independent variables in two frames are different. There are two independent variables, κ and τ, in Frenet-Serret frame; but there are three independent variables, ω 1 , ω 2 and ω 3 , in generalized Frenet-Serret frame. Equation (6) provides the relations between these variables.
In Eulerian angles
In mechanics, it is convenient to use Eulerian angles to describe the motion of a rigid body [32] . The Eulerian angles give relations between a fixed coordinate system and a body-frame rigidly embedded in the rigid body. The same ideas can be readily applied to describe the configuration of a filament by using the generalized Frenet frame as the body-frame and replacing time used in a moving body by s [5] [6] [7] [8] [9] [10] 29] , since intuitionally the configuration of a filament looks like the trajectory of a flat rigid thin plate. The line common to x−y plane in the fixed frame and t 1 −t 2 plane is called the line-of-nodes, shown as the green-line in figure 1 , where x is the unit vector along green-line. The Eulerian angles are generated by three rotations to move the fixed frame into the body-frame [32] , as shown in figure 1 . The first rotation is through f, the angle between x-axis and line-ofnodes, about z-axis so to move x-axis into the line of nodes. The second rotation is through an angle θ about the line-of-nodes, to move z-axis to t-axis. The final rotation is through an angle ψ about t-axis to move y-axis into t 2 -axis. Replacing s by time, w becomes the angular velocity of a rigid body, so we have [32] Equation (14) suggests that for a planar curve, it is always possible to choose f=0 so τ=0 by a proper rotation of the fixed frame.
The advantage of using Eulerian angles to study a filament is that it satisfies
automatically, so we do not need to consider it as a constraint in many calculations and it may simplify calculations greatly.
Elastic models of a filament
3D model
The energy for a 3D filament with a finite IC κ 0 , a finite intrinsic-twist rate τ 0 and under a uniaxial force (along
where k 1 , k are bending rigidities and k 3 the twisting rigidity or torsional modulus, respectively. κ 01 and κ 02 are components of κ 0 and
2 . In this model the end at s=0 is fixed at r(0)=0 and f is applied to another end at s=L. L is the total contour length and is a constant, i.e., we consider an inextensible filament. When κ 0 =τ 0 =0, it reduces into the WLC model.
When κ 0 =τ 0 =0, replacing s by time,  becomes the Lagrangian of a rigid body with one point fixed and under a constant force, and k i becomes principal moment of inertia [32] .
3 0 3 as a special potential energy, though it is difficult to find an analogy in the dynamics of a rigid body, owing to the complex of ω i .
2D models
In 2D case, we can writeº = ( ) t r cos , sin with r=(y, z). There are two elastic models for a 2D intrinsically curved filament [18, [25] [26] [27] . The energy of the model 1 is [18, 21, 22, [25] [26] [27] 
where q º -˙ẏz zÿ¨is the signed curvature, κ 0 is the intrinsic signed curvature, and q = |˙| |˙| t . In this model, q and κ 0 can be either positive or negative. Meanwhile, the energy of the model 2 is [27] 
In this model, q |˙| is curvature. These two models have very different mechanical properties [21, 22, 27] . Especially, model 1 shows a discontinuous change in z(L) with a varying f [21, 22] ; but there is no such a transition in model 2 [27] . 4 . Some important relations in variables 4.1. A relation between α and Eulerian angles Equation (6) provides a relation between Frenet-Serret and generalized Frenet-Serret frames. However, using equation (6) to calculate α is uneasy in many cases so that some other ways to calculate α are useful. A related intriguing problem is that after a comparison between equations (6) and (9), we can ask would α=ψ? Since α−ψ is the angle between n and x, the problem is equivalent to finding the relation between n and x. To find this relation we can combine equations (6), (9) and (14) so obtain
where β is a s−independent constant. From equations (6)- (7), we find further w q y f y q = = +0 sin sin cos 1 or yf = -˙ṫan sin when α=0. It follows β=π/2 and
Equation ( 19) indicates that α=ψ requires either f = 0 or q = 0. f = 0 gives a planar centerline and q = 0 gives a helical centerline. In more general cases a y ¹ , or n does not coincide with x.
Relations in variables when the cross-section area vanishes
Next we consider another unsolved question, i.e., when the cross-section area vanishes, the filament becomes a curve so that we need only two variables, θ and f, to describe it, in this case what are the limiting forms of ψ?
Could we simply take ψ as a s−independent constant or even ψ=0 in equations (7)- (9) and (15)? Physically in this case we can ignore the distortion of cross-section and set α=0 so ω 3 =τ, and then from equation (19) it follows
Therefore, in general ψ cannot be s−independent. ψ is s−independent, being 0 or −π/2, only when either q = 0 or f = 0, i.e., the filament becomes a helix or a planar curve. Equations (14), (19) and (20) are very useful and we will apply them to solve some intriguing problems for an intrinsically curved filament.
Mechanical property of an intrinsically curved filament
GSC of the general model when f=0
A very important question on the general 3D model, given by equation (15) , is whether it has a unique GSC when f=0. In this case, the GSC of the model is given by  = 0 so ω 1 =κ 01 , ω 2 =κ 02 and ω 3 =τ 0 . Therefore, from equations (7)- (9) We should stress again that in general ω 3 =τ 0 is not equivalent to τ=τ 0 . For instance, when κ 0 =0, the general solution of equations (21)- (23) is simply a straight twisted cylinder so that τ=0 but a t
, the general solution of equations (21)- (23) is unavailable in literature, and there is not a direct way to find the general solution since these equations are nonlinear. Moreover, even if we could find the general solution, it should have three undetermined parameters and be rather complex, so that it would be difficult to justify the uniqueness of corresponding configuration. Note that it is not a necessity to have a unique GSC for every physical model. A typical example is that the model given by equation (17) has uncountable GSCs when f=0 [22] . Fortunately, using equation (19) we can solve this problem readily in an indirect way. Substituting equations (21)-(23) into equation (19) , we obtain a = 0. It follows ω 3 =τ=τ 0 from equation (6) . In other words, when f=0 and k ¹ 0 0 , the model takes a circular helix as its unique GSC. Note that this conclusion is valid even if k, k 1 and k 3 are s−dependent.
We can find a particular solution of equations (22)- (23) by taking θ as a s-independent constant, i.e., let the axis of helix along z-axis, so y k k = tan . ψ and ḟ are also sindependent in the solution. All other forms of solution can be obtained by a coordinate transformation from this solution. When τ 0 =0, we get θ=π/2 so the GSC becomes a circle. Moreover, κ 02 =0 leads to θ=0 so gives a straight centerline.
Note (21)- (22), but three unknowns, consequently there are infinite numbers of GSCs. In fact, when k 3 =0, the filament can be arbitrarily twisted so that ẏ ( ) s or ȧ ( ) s can take arbitrary values. Moreover, from equations (21)- (22) we know that θ is coupled to f and ψ when k ¹ 0 0 , so that infinite possibility of ψ results in infinite numbers of GSC. We should address that the method used here should also be instructive in solving other nonlinear differential equations. This is because κ and τ determine the shape of a curve completely [30, 31] , and to find κ and τ so identify the solution curve in many cases may be much easier than to find a solution directly.
κ 01 and κ 02 when the cross-section area vanishes
Another intriguing question is that when the cross-section area vanishes, how to assign k 01 and κ 02 in  0 ? To answer this question we can substitute equation (20) into equations (7)-(8) so obtain ω 1 =0 and ω 2 =κ, as well as κ 01 =0 and k k = 2 . Note that since ω 1 and ω 2 can be either positive or negative, there is not special reason to limit the signs of κ 01 and κ 02 , or κ 02 =±κ 0 in this case. Together with ω 3 =τ, the energy density in equation (15) is reduced into
This is a natural result for a rigid curve since κ and τ are two independent variables for its shape. In 3D case, we only need to take sign '−' in the first term of  D 3 since it requires κ>0 and κ 0 >0. However, to be consistence with 2D models, retaining the sign '+' in equation (25) is still necessary, as we will explain later.
From equations (14) and (25), we know that when k 3 >0 the model requires continuous q and ḟ implicitly to prohibit q  ¥ or f  ¥ since otherwise it results in infinite τ and E 3D at discontinuous points. The same rule should be also applied to the more general model given by equation (15) to avoid undefined τ, α and E 3D .
From 3D model to 2D models
Next we consider another unsolved question: what is the limit form of equation (25) in 2D case? A planar curve requires τ=0 at arbitrary s and from equation (14) it is equivalent to f = ( ) s 0. Consequently, from equations (13) and (25), at first glance the model 2 would be correct. But we have to be careful for the conclusion since these two models have quite different mechanical properties. The key point is that the model 2 allows to change sign of q ( ) s at some points [27] or it allows a discontinuous q ( ) s . However, from the arguments in the last paragraph of section 5.2, we know that k 3 >0 prohibits a discontinuous q ( ) s . We can confirm this conclusion by looking at a simple case when κ 0 is independent of s. In this case, it is straightforward to find that when f=0 the model 1 has a unique circular GSC but the model 2 has infinite numbers of GSCs [21, 22, 27] . Note that in section 5.1 we have shown that the corresponding 3D model has a unique circular GSC when f=0 and k 3 >0, agreeing with that obtained from the model 1. Therefore, when k 3 >0 the 3D model must be reduced into the model 1.
It is also clear that when κ 0 keeps the same sign for all s, we only need to take sign '−' in the first term of  D 3 . However, note that in 2D case κ 0 can be either positive or negative, to maintain a reasonable GSC and be consistent with the 2D model, we need to take the sign '+' in the first term of  D 3 when κ 0 <0. It is also equivalent to adopt the model 1.
In contrast, if k 3 =0 or the effect of ω 3 is negligible, the 3D model should be reduced into the model 2. Ignoring the effect of torsion completely is impractical for a macroscopic filament, but may be a good approximation for some biopolymers. The model 2 is analogous to a free rotating chain model for biopolymers.
In conclusion, exactly two planar elastic models of a filament come from a same 3D model. The model 1 corresponds to taking k 3 >0 in  D 3 but the model 2 corresponds to taking k 3 =0. In other words, though k 3 or the torsional term in energy disappears in 2D models, the effective description of a planar filament still strongly depends on the value of k 3 .
5.4. Shape equations and boundary conditions for a 3D system with vanishing cross-section Equation (25) can help clarify the role of a finite κ 0 to the transition in z(L) for a 3D filament. Using standard variational technique to extremize E 3D , we obtain the shape equations
and six BCs
Equation (26) is a 4th-order nonlinear differential equation in θ and equation (27) is a 2nd-order nonlinear differential equation in ḟ . Full expressions of both equations are lengthy so we do not present them here. To derived these expressions are rather easy by using some softwares, such as Mathematica.
Note that at both s=0 and s=L using
and q ( ) L are free, or adopt the hinged-hinged BCs. The hinged-hinged BCs is also the most commonly used BC in force experiment for a biopolymer. In contrast, one can adopt fully fixed BCs so take
We can also choose partial fixed and partial free BCs. Results obtained from different BCs usually require different constrains so are basically different.
Since the model 1 in 2D case corresponds to having a finite k 3 in 3D case and under an applied force the model 1 shows a discontinuous jump in z(L), we focus on the case with k 3 >0 henceforth.
To find the general solution of shape equations is an arduous task and so does to show exactly that there is a unique solution though physically in most cases the solution should be unique. However, we can examine two simple solutions. The first possible solution is a planar curve and the second is a helix.
Equations (26)- (29) are valid even when k 0 , τ 0 , k and k 3 are s−dependent. But in this work we focus on the effect of a finite κ 0 so that for simplicity we assume κ 0 , τ 0 k and k 3 are all s−independent henceforth. Moreover, without loss of generality we also assume τ 0 0.
Planar curve solution
A planar curve requires f t = = ( ) s 0 , so that the shape equations are simplified into
Therefore, the first important conclusion is that there is not any planar solution when t ¹ 0 0 . When τ 0 =0, one shape equation and one BC vanish, and the remained shape equation and BC are reduced into
k 3 is irrelevant in this case owing to t = 0. Equation (32) recovers the shape equation and BC for model 1 [21, 22, 26] . The corresponding 2D system has been studied thoroughly [21, 22, 26] and the main conclusions are: in ground state z(L) can undergo a multiple-step discontinuous transition. The transition is accompanied by unwinding loops, and the critical force reaches a limit quickly with decreasing number of loops [21] . Owing to symmetry, it is natural that free of twist the 3D filament has the same behavior as that of the 2D filament.
Helix solution
On the other hand, for a helix solution, substitute a s−independent θ into shape equations, we obtain where
is the relative extension and   z 1 0 r for a helix since without loss of generality we can choose   p q 2 0 . It follows that ḟ is also s-independent and so does for τ since equation (14) gives t qf =ċos . Therefore, the filament forms a circular helix. Note that either k 3 =0 or k=0 leads to f=0 or no helix at a finite f.
other is from P 4 to P 3 . It means that in practice the discontinuous change in z r will be more likely to occur at P 3 with increasing | | F , or occur at P 2 with decreasing | | F . The hysteresis indicates that the phase transition is first order. These behaviors are similar to that reported in [9] and [10] , except for that in this work the transition requires the fixed BC, but in [9] and [10] the transition occurs at the hinged-hinged BC.
In another limit, i.e., when  ¥ k r or  ¥ k 3 , we find exactly that when k > 32 243 r , it has always g(z r )>0 so that the helix is stable. In contrast, when k < 32 243 r , g(z r ) has always two zeros, so z r also shows a discontinuous change in z r , similar to that presented in figure 3 .
In the model, g(z r ) can have three real zeros when k > k 1 r r . A typical example with k r = 20 and κ r =0.28 is shown in figure 4 . In this case, the first zero of g(z r ) indicates that a helix with z r <z s is unstable, and the second and third zeros of g(z r ) gives a critical regime similar to that presented in figure 3 . We should also note that the critical regime of F becomes much narrower and the change of z r (Δz) becomes quite large in this case, owing to the larger linear regime at low F. For instance, in figure 4 the critical regime is ΔF=0.03298−0.03037=0.00261 and Δz≈0.6 which is about twice of z r before transition. Such a small ΔF and large Δ z means that the hysteresis may be negligible so that the filament may work as a sensitive switch or sensor. Moreover, the sharp transition of z r occurs at F>0 in this sample.
Our above discussions reveal that g(z r ) can have not any real zero, have one real zero, have two real zeros and have three real zeros, and different number of zeros results in different mechanical behaviors. Consequently, the phase diagram for the helix can be divided into four regimes, as shown in figure 5 . In regime I, g(z r ) has not any real zero, so z r varies smoothly between 0 to 1. In regime II, g(z r ) has only one real zero and g(0)<0, so that the helix with a small z r is unstable, but z r of the stable helix increases smoothly to 1 with increasing F. In regime III, g(z r ) has two real zeros and g(0)>0, and there exists a critical regime bounded by  z r in which z r has a first order transition with varying F, similar to that shown in figure 3 . We also note that the regime III has two disconnected parts separated by regime I, as shown in figure 5 . Finally, in regime IV, g(z r ) has three real zeros and g(0)<0, so that the helix with a small z r is unstable, and there is a critical regime, bounded by the remained two real zeros, in which z r shows a discontinuous change, similar to that shown in figure 4 . From figure 5 , we also find that at either 1.35>k r >0.492 or k > > 4 3 32 243 r , there is not discontinuous change in z r . In conclusion, in this subsection we show exactly that an intrinsically curved 3D filament has a planar GSC only when τ 0 =0 and it recovers 2D results. It follows that a finite IC alone is indeed enough to induce a discontinuous change in z(L) even in 3D case. Moreover, with hinged-hinged BC, the filament can form a helix only when f=0. In contrast, with fixed BC and proper parameters, the filament can form a helix and z r of the helix can subject to a first order transition. These results suggest that a finite κ 0 is crucial for the conformal and mechanical properties of a filament. In contrast, a finite τ 0 is not a necessity for the phase transition.
Conclusions and discussions
In summary, in terms of Eulerian angles, we derive some useful relations in variables between some coordinate systems. Especially, we find the angle between the normal of centerline of a filament and the line of nodes defined in Eulerian frame.
We apply these relations to explore some physical problems. We show exactly that free of external force and torque, the ground-state configuration of a three-dimensional filament is unique and is a circular helix when the filament has a finite torsional modulus. A byproduct is that the general solution of a set of nonlinear differential equations represents a circular helix. We derive the expression of energy for a three-dimensional intrinsically curved filament when its cross-section area vanishes. We show that the effective description of a planar filament depends on the way to take the planar limit. More exactly, it dependents on whether the torsion becomes zero at a fixed torsional modulus or the torsion and torsional modulus go to zero simultaneously. It also helps explain why the two planar models have very different mechanical properties. We find that when the intrinsic torsion is zero, the three-dimensional filament has the same ground-state configuration as that of the two-dimensional one, so that a finite intrinsic-curvature alone is indeed enough to induce the first order transition in extension. We show that under a finite external force to form a helix it requires the fixed boundary conditions, and present the phase diagram for such a helix. We reveal that with proper parameters, a helical filament can subject to a first order phase transition in extension. The transition can be sensitive to applied force, so that such a filament may be used as a sensitive switch or sensor. Our results confirm that the finite intrinsic-curvature plays the key role in the phase transition but a finite intrinsic torsion is not so crucial for the transition.
In this work we do not consider the effect of temperature so that our results on filament can be applied only to the systems with negligible thermal effect, such as a macroscopic filament or a very rigid biopolymer. However, ignoring thermal effect may be inappropriate for many biopolymers. Indeed, in two-dimensional systems it has been shown that a finite temperature can suppress transition [21, 22] . Note that in general the temperature results in a much stronger thermal fluctuation in a three-dimensional system than that in a twodimensional case, we can expect that the temperature may depress the transition further so lead to different results. Therefore, the effect of a finite temperature on a three-dimensional system deserves a further study.
Our results are not only helpful for the understanding of the mechanical property of a semiflexible biopolymer or a filament, but also useful for the study of dynamics of a rigid body. The new relations in variables for different frames may be also significant in differential geometry. Finally, the method to find the helix solution for nonlinear differential equations may be instructive to other mathematical or physical problems. 
